We show that the following is consistent (relative to the consistency of a measurable cardinal): There is no real valued measurable cardinal below continuum and there is a finitely additive extension m : P([0, 1]) → [0, 1] of Lebesgue measure whose null ideal is a sigma ideal. We also show that there is a countable partition of [0, 1] into interior free sets under the m-density topology of any such extension.
Introduction
We investigate some questions around a problem of Juhász. Our main results are the following: Let κ be a measurable cardinal in V . Let G be a generic filter for a finite support iteration of random forcing of length κ. Then in V [G] , there is no real valued measurable cardinal below continuum and there is a finitely additive extension m : P([0, 1]) → [0, 1] of Lebesgue measure whose null ideal is 2 ω -additive. We also show that there is a countable partition of [0, 1] into interior free sets under the m-density topology of any such extension. Sections 2, 3 and 4 contain well known results and are included due to the similarity with the techniques we use in Section 5. We hope this will make the later arguments more accessible. For background on elementary embedding and forcing, we refer the reader to Kanamori's book [3] .
Induced ideals in ccc extensions
We start with the following question: Suppose κ is a measurable cardinal and I is a witnessing normal prime ideal over κ. Let P be a forcing notion and G a P -generic filter over V . Let Î be the ideal generated by I over κ in V [G] . Describe forcing with Î ; i.e., P(κ)/Î. For the purpose of this note, the specific forcings that we consider are all ccc. In this case, the induced ideal is ω 1 -saturated and normal. Proposition 2.1. (Prikry [6] ) Let I be a κ-additive ω 1 -saturated ideal over an uncountable cardinal κ. Let P be a ccc forcing notion and G a P -generic filter over V . Let Î be the ideal generated by
It follows that Î is κ-additive. Next suppose Î is not ω 1 -saturated and let p force that X i : i < ω 1 is a collection of pairwise disjoint Î -positive sets. Work in V .
+ for each i < ω 1 . Now observe that there must exist some A ∈ I + such that every I-positive subset of A has I-positive intersections with uncountably many Y i 's. Otherwise we can extract an I-positive disjoint refinement of an uncountable subsequence of Y i : i < ω 1 which is impossible as I is ω 1 -saturated. By thinning down we can also assume that
In particular, some α < κ belongs to uncountably many Y i 's and the witnessing conditions q i 's must form an antichain contradicting the ccc-ness of P . Now suppose that I is normal. We'll show that Î is closed under diagonal unions in
Prikry's model
Now let κ be a measurable cardinal with a witnessing normal ideal I. Let j : V → M be the corresponding ultrapower embedding with critical point κ. We'll repeatedly use M κ ⊂ M . Denote by C λ , the Cohen algebra for adding λ many Cohen reals; so C λ is the regular open algebra of 2 λ . Let G be C λ -generic over V . We attempt to describe, in V [G], the algebra P(κ)/Î where Î is the ideal generated by I. If λ < κ, this algebra is trivial, so assume λ ≥ κ.
By elementarity plus the fact that M is countably closed, j(C λ ) = C j(λ) is the Cohen algebra for adding
The embedding j :
does not depend on the choice of the name for X.
It is clear that φ preserves boolean operations. To see that it is injective, note that if φ(X) = 0, then for some 
Proof. The first statement is clear. The second follows from the fact that whenever
For the third statement use the fact that 2
Solovay's model
Again κ is a measurable cardinal with a witnessing normal ideal I and j : V → M is the corresponding ultrapower embedding with critical point κ. Let R λ be the measure algebra on 2 λ for adding λ many random
As in Lemma 3.1, we get If X is such a space then by passing to some open subset of X we can assume every open subset of X is such a space. So the family of interior free subsets of X forms a σ-ideal that is also ω 1 -saturated, as X is ccc. So we need the consistency of a measurable cardinal. Starting with a real valued measurable cardinal below continuum, Kunen, Szymański and Tall have constructed such a space; see Corollary 3.6 in [4] . The next theorem describes another construction that even makes the space T 4 .
, there is a ccc T 4 space X without isolated points such that whenever X = {Y n : n ∈ ω}, some Y n has non empty interior.
Proof. Let I be a witnessing normal ideal over κ and Î , the ideal generated by
an independent family that completely generates C 2 κ . Let {[A α ] : α < 2 κ } be the corresponding family in P(κ)/Î. We'll define a topology T on κ by choosing a member A α from each equivalence class [A α ] and declaring it to be clopen. We do it in such a way that for any two disjoint sets X, Y ∈Î, there is some A α , α < 2 κ separating them -i.e., X ⊂ A α and Y ⊂ κ\A α . Since there are only 2 κ many such pairs, this can clearly be done. Thus T is Hausdorff. Also, every set in Î is T -closed since for any X ∈Î, the union of A α 's disjoint with X is κ\X. We claim that for any B ⊆ κ, B ∈Î iff the T -interior of B is empty. Notice that the family F of finite boolean combinations of A α 's is a basis for T . Since each member of this basis is Î -positive, every member of Î has empty T -interior. Conversely, if B is Î -positive, then for some X ∈Î and A ∈ F, A\X ⊆ B. This is because {[A] : A ∈ F} is dense in P(κ)/Î. As X is closed, T -interior of B is empty. T is ccc because P(κ)/Î is ccc. Since Î is κ-additive, every partition of κ into fewer than κ many sets contains one set with non empty T -interior. It remains to show that T is normal. We now sketch a proof of this. 
Claim 5.7. φ is a SPFAM on D, extending m. Proof. Let j : V → M be the ultrapower embedding. Let B α , C α : α < κ be the finite support iteration of random forcing; i.e., To lift m to an extension of Lebesgue measure on 2 ω , create a tree X σ : σ ∈ 2 <ω of subsets of κ such that
• X φ = κ • For every σ ∈ 2 <ω , X σ is a disjoint union of X σ0 and X σ1
• m(X σ ) = 2 −|σ| , where |σ| is the length of σ Furthermore, m restricted to the sigma algebra generated by {X σ : σ ∈ 2 <ω } is isomorphic to Lebesgue measure on R ω under an isomorphism that takes X σ to [σ] ∈ 2 ω . Let f : κ → 2 ω be such that f (α) = y iff ∀n(α ∈ X y n ). 
